Mathematica 11.3 Integration Test Results

Test results for the 59 problemsin "4.6.1.2 (d c¢sc)*n (a+b csc)*m.m"

Problem 1: Result more than twice size of optimal antiderivative.

5
J Csc[x] dx

a+aCsc[x]

Optimal (type 3, 55leaves, 6 steps):
3 ArcTanh[Cos [X] ] - 4 Cot [x] B 4Cot[x]3> 3Cot[x]Csc[x] Cot[x] Csc[x]?3

2a a 3a 2a a+alCsc[x]

Result (type 3, 113 leaves):

X X ;2 X X
—|-20Cot | — 3C - 36 L C —||-36L Sin|—| | -
1|2 cot X 3cse[]* 36 Log]cos X | - 36 Log[sin[ ]
48 Sin|*
BSec[i]z+8Csc[x]3Sin[£}4+ [2] —ECSC[§]4Sin[x]+20Tan[i}
2 2 Cos[f]+$in[§] 2 2 2

Problem 3: Result more than twice size of optimal antiderivative.
3
J Csc[X] dx
a+aCsc[x]
Optimal (type 3, 27 leaves, 4 steps):
ArcTanh[Cos[x]] Cot[x] Cot[X]

a a a+aCsc[x]
Result (type 3, 63 leaves):
~cot[%] + 2 Log[cos | %]] - 2tog[sin[%]] + —"Ll_ . ran[z]

2a
Problem 4: Result more than twice size of optimal antiderivative.
J Csc[x]? dx
a+aCsc[x]

Optimal (type 3, 20leaves, 3 steps):
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7Ar‘cTanh[Cos[x] ] Cot [X]

+
a a+alCsc[x]

Result (type 3, 44 leaves):
~Log[Cos[*]] + Log[sin[*]] - _sinli]

X X
2 2 Cos[:—] +Sin{ﬂ

a

Problem 5: Result more than twice size of optimal antiderivative.
J Csc[x] dx
a+aCsc[x]
Optimal (type 3, 12leaves, 1step):

Cot [x]

a+alCsc[x]

Result (type 3, 26 leaves):
2sin[ 2]

a (Cos[ﬂ +Sin[§])

Problem 17: Result more than twice size of optimal antiderivative.

J ! dx
(a+aCsc[x])??

Optimal (type 3, 81 leaves, 6 steps):
2Ar‘cTan[—*Lu—a Cotixl ] 5Ar‘cTan[4LU—a fatx

\/ a+aCsc[x] \2 +/a+aCsc[x] Cot [x]
- + +
a3/? 2+/2 a3/2 2 (a+aCsc[x] )3/2

Result (type 3, 165leaves):

(cos[i] +Sin[i])

2 2

-2+V1+Csc[x]
vV -1+Csc[X]

- 2-2Csc[X] +4Ar‘cTan[

| V-1+Csc[x] (1+Csc[x]) -

4APCTan[2+m]m(l+CSC[X])+
V-1+Csc[x]
5ﬁArcTan{L] /-1+Csc[x] Csc[x] COS{*]+51“[§]]2 ]/
VI Gscix) 2

(4 (a(1+Cscix]))?? (Cos[i} —Sin[i]))]
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Problem 19: Result more than twice size of optimal antiderivative.

J\/CSC[G+'FX] va+aCscle+fx] dx

Optimal (type 3, 37 leaves, 2 steps):
2 \/a_ArcSinh[M]

A/ a+aCscle+fx]

.F

Result (type 3, 108 leaves):

2Cot[e+fx] \/a (1+Cscle+fx])
Log[+/Cscle+fx] +Cscle+fx]¥?++/Cotle+Ffx]2 \/1+Cscle+Fx] U]/
('F\/COt[e+'FX]2 V1+Cscle+fx]

Log[1l+Cscle+fx]] -

Problem 20: Result more than twice size of optimal antiderivative.

J\/—Csc[ewa] va-aCscle+fx] dx

Optimal (type 3, 38 leaves, 2 steps):
2 \/a_Ar‘cSinh[M]

a-aCscl[e+fx]

.F

Result (type 3, 116leaves):

2+ -Cscle+fx] Va-aCsc[e+fx]

ArcSinh[Tan[% (e+Fx)]] +Log[1+\/$ec[§ (e+fx)}2 ] 7Log[Tan[§ (e+fx)]]]

Tan[% (e+Fx)]

/

2 2

-F\/Sec[l (e+-FxH2 (—1+Tan[l (e+Fx)]

Problem 21: Result unnecessarily involves higher level functions.

JCsc[c+dx14/3\/a+aCsc[c+dx] dx

Optimal (type 4, 254 leaves, 4 steps):
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6aCos[c+dx] Csclc+dx]*3

5d+/a+aCsc[c+dx]

4 34+[2./3 a?Cotlc+dx] (1-Csclc+dx]™?)

1+Csclc+dx]¥3+Csclc+dx]?/3

(1+\/?7Csc[c+dx]1/3 2

1-+/3 -Csclc+dx]*3
EllipticF[ArcSin| V3 [c+dX]
1++/3 -Csc[c+dx]/3

|, -7-4v3]|/

1-Csc[c+dx]3
5d 5 (a-aCsclc+dx]) Va+aCsc[c+dx]
(1+\/?—Csc[c+dx}1/3)

Result (type 5, 102 leaves):

—([2\/a (1+Csclc+dx]) [3Csc[c+dx]1/3+2Hyper‘geometr‘ic2F1[l, =, i, 1—Csc[c+dx]])
2 2
(Cos[%(c+dx)]—$in[%(c+dx)}))/[5d Cos[%<c+dx)]+sin{%(c+dx” ])

Problem 22: Result unnecessarily involves higher level functions.

JCsc[c+dx}1/3\/a+aCsc[c+dx] dx

Optimal (type 4, 213 leaves, 3 steps):

1+Csc[c+dx]¥3+Csc[c+dx]?/3
~ |12 3%4+/2++/3 a?cCot[c+dx] (1-Csclc+dx]*?) : [crdx] 7~ [c+dx]

(1+\/?—Csc[c+dx}1/3 2

1-4/3 -Csc[c+dx]3
EllipticF[Ar‘cSin[ V3 [c+dX]
1++/3 -Csc[c+dx]1/3

|, -7-43]/

1-Cscl[c+dx]Y3
d . (a-aCsclc+dx]) Va+aCsc[c+dx]
(1+\/?—Csc[c+dx]1/3)

Result (type 5, 46 leaves):

2aCot[c+dx] Hyper‘geometr‘icZFl[i, %, i, 1-Csclc+dx]]

d\/a (1+Csclc+dx])
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Problem 23: Result unnecessarily involves higher level functions.

J\/a+aCsc[c+dx}

Csc[c+dx]??3

Optimal (type 4, 254 leaves, 4 steps):

3aCos[c+dx] Csc[c+dx]3

2d+/a+aCsc[c+dx]

1+Csclc+dx]¥3+Csc[c+dx]?/3

(1+x/?-Csc[c+dx}1/3 ?

33/44/2++/3 a?cCot[c+dx] (1-Csclc+dx]'?)

1-+/3 -Csclc+dx]/3
1++/3 -Csc[c+dx]1/3

EllipticF [Ar‘cSin [

), -7-av3]|/

1-Csc[c+dx]1/3
2d (a-aCsc[c+dx])Va+aCsclc+dx]

(1+\/?—Csc[c+dx}1/3)2

Result (type 5, 110leaves):

1 2 3
_([\/a (1+Csclc+dx]) [3+Csc[c+dx]2/3 Hypergeometric2F1[~, =, =, 1-Csc[c+dx]]
2

1/ N

(ZdCsc[c+dx]2/3 (Cos[1 (c+dx)] +Sin[l (c+dx)]
2 2

(Cos[% (c+dx)] 7Sin[§ (c+dx)]

]

Problem 24: Result unnecessarily involves higher level functions.

JCsc[c+dx15/3\/a+aCsc[c+dx] dx

Optimal (type 4, 514 leaves, 6 steps):
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24 a Cot[c +dX]

6aCos[c+dx] Csc[c+dx]>3
7d (1+ﬁ7Csc[c+dx]1/3) Na+aCsclc+dx]

7d+/a+aCsclc+dx]

1+Csc[c+dx]t3+Csc[c+dx]?3
12 34+/2-+/3 a?Cot[c+dx] (1-Csclc+dx]Y3) |~ [crdx]77+Csclcrdx]

(1+\/?7Csc[c+dx}1/3 2

1-+/3 -Csclc+dx]3
EllipticE[Ar‘cSin[ V3 [c+ ]

|, -7-4+/3]
1+\/?7CSC[C+dX}1/3 /

1-Csc[c+dx]1/3

(1+\/?-Csc[c+dxj1/3)2

7d

(a-aCsclc+dx])Va+aCsc[c+dx] |+

1+Csclc+dx]Y¥3+Csc[c+dx]?/3
8+/2 3¥%acCot[c+dx] (1-Csclc+dx]'3) - [crdx]77+ e+ 2]
(1+\/_—Csc[c+dx]1/3

1-+/3 -Csclc+dx]1/3
EllipticF[Ar‘cSin[ V3 [c+ ]
1++/3 -Csclc+dx]/3

), 7-av3]|/

1-Csc[c+dx]1/3

(1+\/?—Csc[c+dx}1/3)2

7d

(a-aCsclc+dx])Va+aCsc[c+dx]

Result (type 5, 102 leaves):

2/3 : 1
- 2\/a(1+Csc[c+dx]) 3Csclc+dx]?3+4Hypergeometric2Fl[ ~,

(Cos[% (c+dx)] 7Sin[§ (c+dx)})]/ [7d

s 1—Csc[c+dx]])

)

3
3727 2
1
2

Cos[i (c+dx)] +sin[= (c+dx) ]

Problem 25: Result unnecessarily involves higher level functions.

JCsc[c+dx]2/3\/a+aCsc[c+dx] dx

Optimal (type 4, 470leaves, 5 steps):
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6acCot[c+dx]

d (1+\/?7Csc[c+dx]1/3) va+aCsclc+dx]

1+Csclc+dx]¥3+Csclc+dx]?/3

(1+\/?—Csc[c+dx]1/3 2

3 31/4Wa2Cot[c+dX} (1-Csclc+dx]??)

1-+/3 -Csc[c+dx]/3
1++/3 —Csc[c+dx]/3

EllipticE [ArcSin|

|, -7-4+/3] /

1-Csclc+dx]1/3
d (a—aCsc[c+dx])\/a+aCsc[c+dx] +

(1+\E—Csc[c+dx]1/3)2

1+Csc[c+dx]¥3+Csc[c+dx]??3

(1+W7Csc[c+dx]1/3 :

2+/2 3¥*a%Cot[c+dx] (1-Csc[c+dx]??)

1-+/3 -Csc[c+dx]/3
1++/3 —Csc[c+dx]/3

EllipticF|[ArcSin|

|, -7-av3]|/

1-Csc[c+dx]3
d (a-aCsclc+dx]) Va+aCsc[c+dx]

(1+\E—Csc[c+dx}1/3)2

Result (type 5, 85leaves):

, 1 1 3
- ([2 \/a (1+Csclc+dx]) Hypergeometric2F1|[ =, =, =, 1-Csc[c+dx] ]
3 2 2
(Cos[%(c+dx)]—sin[§(c+dx)} )/[d Cos[%(c+dx>]+Sin[%(c+dx)] ])

Problem 26: Result unnecessarily involves higher level functions.

dx

J\/a+aCsc[c+dx}

Csc[c+dx]13

Optimal (type 4, 508 leaves, 6 steps):



8 | Mathematica 11.3 Integration Test Results for 4.6.1.2 (d csc)”™n (a+b csc)”~m.nb

3acCot[c+dx] 3aCos[c+dx] Cscl[c+dx]?/3

+

d (1+W7Csc[c+dx}1/3> vJa+aCsclc+dx] dva+aCsc[c+dx]

1+Csc[c+dx]¥3+Csc[c+dx]?/3
3 3Y4+/2-4/3 a?Cot[c+dx] (1-Csclc+dx]V3) | = [crdx]77+Cscler 2}
(1+\/?7Csc[c+dx]1/3

1-+/3 -Csclc+dx]¥/3
1+\/?7CSC[C+dX}1/3

EllipticE [Ar‘cSin [

), -7-4v5]|/

1-Csc[c+dx]1/3
2d ; (a-aCsclc+dx])Va+aCsc[c+dx] |-

(1+\/?—Csc[c+dx}1/3)

1+Csclc+dx]¥3+Csc[c+dx]?/3

(1+\/?—Csc[c+dx]1/3 2

A2 334 a2 Cot[c +d x] (1—CSC[C+dX]1/3)

1-+/3 -Csclc+dx]/3
1++/3 -Csclc+dx]/3

EllipticF [Ar‘cSin [

), 7-av3]|/

1-Csclc+dx]1/3
d (a-aCsclc+dx]) Va+aCsc[c+dx]

(1+\/?—Csc[c+dx]1/3)2

Result (type 5, 66 leaves):

,1-Csclc+dx]]

)

1
[73 aCos[c+dx] Csc[c+dx]¥3+aCot[c+dx] Hypergeometric2Fl| —,
3

/

N |
N W

(d\/a (1+Csclc+dx]) )

Problem 27: Result unnecessarily involves higher level functions.

J\/a+aCsc[c+dx}

Csc[c+dx]4/3

Optimal (type 4, 552 leaves, 7 steps):
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15aCot[c +dx]

8d (1+\57Csc[c+dx}1/3) vJa+aCsclc+dx]

3acCos[c+dx] 15aCos[c+dx] Csc[c+dx]?/3

+

4dCsc[c+dx]¥3*+a+aCsclc+dx] 8d+/a+aCsc[c+dx]

1+Csc[c+dx]Y¥3+Csc[c+dx]?/3
15 3V4+/2-+/3 a?cCot[c+dx] (1-Csclc+dx]*?) - [crdx] 7~ [c+ 2]
(1+\/?-Csc[c+dxj1/3

1-+/3 -Csclc+dx]1/3
1++/3 -Csc[c+dx]1/3

EllipticE [Ar‘cSin [

,-7-av3] |/

1-Csclc+dx]1/3
16d (a-aCsclc+dx])Va+aCsc[c+dx] |-

(1+\/_—Csc[c+dx]1/3)2

1+Csclc+dx]¥3+Csclc+dx]?/3

(1+\/?—Csc[c+dx}1/3)2

5 3*a’Cot[c+dx] (1-Csc[c+dx]?)

1-+/3 -Csclc+dx]/3

EllipticF[ArcSin[
1++/3 -Csc[c+dx]1/3

,-7-a33]]/

1-Csc[c+dx]1/3

(1+\/?—Csc[c+dx11/3)2

4-+/2 d

(a-aCsclc+dx]) Va+aCsc[c+dx]

Result (type 5, 118leaves):

Cos[1 (c+dx)} - Sin|

[aCsc[Cerx}Z/3
2

(c+dx)] Cos| (c+dx”+sin[

N |

<c+dx)]

|/

N |
N |

( 15 + 5Csc[c +d x] /3 Hypergeometric2F1| =,

w||—\

1 3 .
- =, 1—Csc[c+dx]] -6Sin[c+dx]
2 2

(Sd\/a (1+Csclc+dx]) )

Problem 33: Unable to integrate problem.

J(a+aCsc[e+-Fx])"‘d1x

Optimal (type 6, 84 leaves, 3 steps):

1 1 3 1
—([\/2 AppellF1[ = +m, =, 1, =+m » — (1+Cscle+Fx]), 1+Cscle+fx]]
2 2 2 2

Cot[e+fx] (a+aCscle+fx] ]/ (1+2m) /1- Csc[e+fx])
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Result (type 8, 14 leaves):

J(a+aCsc[e+-Fx])’“dlx

Problem 34: Unable to integrate problem.

J(a+aCsc[e+-Fx])"'Sin[e+-Fx] dx

Optimal (type 6, 83 leaves, 3 steps):

3 1
[\FAppellFl[ =,2, = +m (1+ Csc[e+-Fx}),1+Csc[e+fx]]

1
2 27 72 2
i

Cot[e+fx] (a+aCscle+fx]

\_/

(1+2m) v/1-Cscle+fx] )

Result (type 8, 21 leaves):

J(a+aCsc[e+fX])mSin[e+fx] dx

Problem 35: Unable to integrate problem.

J(a+aCsc[e+Fx])"'Sin[e+fx]2d1x

Optimal (type 6, 84 leaves, 3 steps):

1 1 3 1
—([\/2 AppellF1[ = +m, =, 3, —+m, — (1+Cscle+fx]), 1+Cscle+fx]]
2 2 2 2

Cot[e+fx] (a+aCscle+fx] ]/ (1+2m) 1- Csc[e+fx])

Result (type 8, 23 leaves):

J(a+aCsc[e+fx])mSin[e+fx]2d1x

Problem 36: Result more than twice size of optimal antiderivative.

J(a+szc[c+dx])4d1x

Optimal (type 3, 107 leaves, 6 steps):
2ab (2a%+b?) ArcTanh[Cos[c+dx]] b2 (17a%+2b?) Cot[c+dx]

X - — —
d 3d

4ab3Cot[c+dx] Csc[c+dx] b2Cot[c+dx] (a+bCsclc+dx])?

3d 3d

a4

Result (type 3, 568 leaves):
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a* (c+dx) (a+szc[c+dx])4Sin[c+dx}4

+

d(b+asinfc+dx])*

Csc[1 <c+dx)]

([,9a2b2(:os[1(c+dX)]fb4C°5[1(C+dX)] 5

2 2

(a+szc[c+dx])4Sin[c+dx14)/ (3d (b+aSin[c+dx1)4) -

ab3Csc[% <c+dx)]2 (a+bCsclc+dx])*sin[c+dx]*

2d (b+asinfc+dx])*

(b“Cot[1 (c+dx) ] Csc[1 (c+dx)]2 (a+bCsclc+dx])*Sin[c+dx]*
2 2

/

(2 (2a’b+ab?) (a+szc[c+dx])“Log[sin[l (c+dx)]]sin[c+dx]*

: /

ab3 (aer(Isc[Cerx})ASec[l (c+dx>]25in[c+dx]4
(d(b+asin[c+dx])4)+ 2 .
2d (b+aSin[c+dx])*

(24d <b+aSin[c+dx}>4) -

(2 (2a’b+ab?) (a+szc[c+dx])“Log[Cos{l (c+dx)]]sin[c+dx]*
2

(d (b+aSin[c+dx])4) +

((a+szc[c+dx])4Sec[§ (c+dx)] [Qazbzsin[i (c+dx)] +b4Sin[§ (c+dx”)

Sin[c+dx]*

/(3d (b+aSin[c+dx])4) N

(b“ (a+szc[c+dx}>45ec[l (CerxHZSin[c+dx}“Tan[1 (c+dx)]
2 2

/

(24d (b+aSin[c+dx})4)

Problem 37: Result more than twice size of optimal antiderivative.

J(a+szc[c+dx])3dlx

Optimal (type 3, 73 leaves, 5steps):
b (6a%+b?) ArcTanh[Cos[c+dx]] 5ab2Cot[c+dx] b?>Cot[c+dx] (a+bCsclc+dx])
2d 2d 2d

3

a” X -

Result (type 3, 152 leaves):

2z 8a3’c+8a3‘dx712ab2Cot[1 (c+dx)] 7b3Csc[1 (c+dx)]27
8d 2 2

24a2bLog[Cos[§ (c+dx)]] —4b3Log[Cos[§ (c+dx)]] +24a2bLog[Sin[§ (c+dx)]]+

4b3Log[Sin[l (c+dx)]] +b3'Sec[l (c+dx”2+12ab2Tan[l (c+dx)]
2 2 2
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Problem 38: Result more than twice size of optimal antiderivative.
J(a+szc[c+dx])2dlx
Optimal (type 3, 34 leaves, 4 steps):

2abArcTanh[Cos[c+dx]] b2Cot[c+dx]
d d

a? x

Result (type 3, 76 leaves):

1 1
— | -b%Cot| = d
Zd[ o) [2(c+ xH+

2a (ac+adx—2bLog[Cos[§ (c+dx)]] +2bLog[Sin[§ (c+dx)]] +b2Tan[§ (c+dx)]

Problem 52: Result more than twice size of optimal antiderivative.

1
J dx
3+5Csc[c+dx]

Optimal (type 3, 31leaves, 2 steps):

5ArcTan | Cos[erdx] ]

X 3+Sin[c+d x]

12 6d

Result (type 3, 66 leaves):

B 2(Cos“—(mdx)%sin“—(c+dx)H
2 (C+dX) SAPCTan[ Cos{;—(mdx)}—sin[%(c+dx)}

]

6d

Problem 54: Unable to integrate problem.

JCsc[e+fx13 (a+bCscle+fx])"dx

Optimal (type 6, 274 leaves, 8 steps):
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Cot[e + fx] (a+szc[e+Fx])1”"
bf (2+m)

b(1-Cscle+fx])

(ra (a+b) AppellFl[1 | cote+fx]
2

1
, — (1-Cscle+fx]),
2 a+b

_m]/ (bzf (2+m> V1+Cscle+fx] )7

N b(1-C £
( 2 (a?+0? (1+m)) AppellFi[ =, =, -m, >, © (1-Cscle+Fx]), (1-Cscle+fx])
2

3 3

2 2 2 a+b

a+bCscle+fx]\™"

Cot[e + fx] (a+szc[e+-Fx])m(

/(bzf (2+m) V/1+Cscle+fx] )

a+b
Result (type 8, 23 leaves):

JCsc[emcx}3 (a+bCscle+fx])"dx

Problem 55: Unable to integrate problem.

JCSC[E-%—'FX}Z (a+bCscle+fx])"dx

Optimal (type 6, 220 leaves, 7 steps):

( 3 b (1-Cscle+fx])

2’

\E(aer)AppellFl[l , -1-m, ,1(1 Cscle+fx]),
2 2

a+b }
m]/ [bfVI+Csclesfx |

Cot[e+fx] (a+bCscle+fx]

+

2
(a+szc [e+fX]

a+b

b(1-C f
2,3(17Csc[e+fx]), ( scle+fx))
2 2 a+b
b

Cscle+fx] m]/(bf\/1+CSC[e+fX] )

1 1
(x/z aAppellFl[ =, =, -m, | Cot e+ fx]
2 2

(a+bCscle+fx])"
a+b

Result (type 8, 23 leaves):

JCsc[ewa}2 (a+bCscle+fx])"dx

Problem 56: Unable to integrate problem.

JCSC[E-%—'FX] (a+bCscle+fx])"dx

Optimal (type 6, 104 leaves, 3 steps):

b(1-cC £
( \/?AppellFl[lJ 1: -m, 3;1<1*CSC[G+'FX]>, ( scle+ X]>
2

2 g 2 a+b ]

_m]/ (f\/1+CSC[e+'FX] )

a+bCscle+fXx]

Cot[e+fx] (a+bCscle+fx])"

a+b
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Result (type 8, 21 leaves):

JCsc[eJrfx} (a+bCscle+fx])"dx
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Summary of Integration Test Results

59 integration problems

A - 35 optimal antiderivatives

B - 11 more than twice size of optimal antiderivatives
C - 7 unnecessarily complex antiderivatives

D - 6 unable tointegrate problems

E - Ointegration timeouts



